Abstract. In this paper, we introduce a new approximating method for finding the common element of the set of fixed points of nonexpansive mappings and the set of solution of system variational inequalities for finite family of inverse strongly monotone mappings and strictly pseudocontractive of Browder-Petryshyn type mappings. We show that the sequence converges strongly to a common element the above two sets under some parameter controling conditions. Our results improve and extend the results announced by many others.
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H and let A : C → H be a nonlinear mapping. The classical variational inequality problem is to fined x ∈ C such that Ax, y − x ≥ 0, ∀y ∈ C.
(1)
The set of solution of (1) is denoted by V I(C, A), that is, V I(C, A) = {x ∈ C : Ax, y − x ≥ 0, ∀y ∈ C}.
The variational inequality has been extensively studied in the literature. See e.g. [5, 6, 7, 9] and the references therein. A mapping A : C → H is called δ-inverse strongly monotone if there exists a positive real number δ > 0 such that Ax − Ay, x − y ≥ δ Ax − Ay 2 , ∀x, y ∈ C.
It is obvious that any α-inverse strongly monotone mapping is monotone and Lipschitzian. A mapping T : C → H is called nonexpansive T x − T y ≤ x − y , ∀x, y ∈ C.
We denote by F ix(T ) the set of fixed point of T . Recall that a self-mapping f : C → C is a contraction on C if there exists a constant α ∈ (0, 1) such that f (x) − f (y) ≤ α x − y , ∀x, y ∈ C.
For each x ∈ H, there exists a unique nearest point in C, denoted by P C x such that
x − P C x ≤ x − y , ∀y ∈ C.
P C is called the projection of H onto C.
For finding an element of F ix(T ) ∩ V I(C, A), Chen et al. [4] introduced the following iterative scheme:
where {α n } and {λ n } are chosen so that λ n ∈ [a, b] for some a, b with 0 < a < b < 2δ and lim n→∞ α n = 0,
They prove that the sequence {x n } ∞ n=1 converges strongly to x * ∈ F ix(T ) ∩ V I(C, A), which is the unique solution of the variational inequality:
ix(T ) ∩ V I(C, A).
On the other hand, Yao and Yao [21] introduced the following iterative process: x 1 = u ∈ C y n = P C (I − λ n A)x n , x n+1 = α n u + β n x n + γ n T P C (I − λ n A)y n , where {α n }, {β n }, {γ n } and {λ n } are chosen so that λ n ∈ [a, b] for some a, b with 0 < a < b < 2δ and (B 1 ) α n + β n + γ n = 1, (B 2 ) lim n→∞ α n = 0, ∞ n=1 α n = ∞, (B 3 ) 0 < lim inf n→∞ λ n ≤ lim sup n→∞ λ n < 1, (B 4 ) lim n→∞ (λ n+1 − λ n ) = 0.
Then {x n } ∞ n=1 converges strongly to P F ix(T )∩V I(C,A) u. Recall that a self-mapping T : C → C is called λ-strictly pseudo-contractive of Browder and Petryshyn type [2] if there exists a constant λ ∈ (0, 1) such that
It is well-known that the last inequality is equivalent to
In this paper, motivated and inspired by the iterative schemes considered in [3, 4, 12, 14, 15, 16, 17, 19, 21] , we introduce the iterative below, with the initial guess x 0 ∈ C chosen arbitrarily,
where P C is a metric projection of H onto C for i = 1, 2 . . . , m, A i : C → H is a δ i -inverse strongly monotone mapping, F : C → C is a mapping which is both δ-strongly monotone and λ-strictly pseudo-contractive of Browder-Petryshyn type such that δ > 1+λ 2 , f is a contraction on H with coefficient 0 < α < 1 and γ is a positive real number such that γ < (1 − 2−2δ 1−λ )/α. Our purpose in this paper is to introduce this general iterative algorithm for approximating a fixed point of nonexpansive mappings and the solution set of the system of variational inequalities for finite family of δ-invers strongly monotone mappings and λ-strictly pseudo-contractive mappings of Browder-Petryshyn. We remark that our results improve and extend the results of Marino and Xu [10] , Yao and Yao [21] , Chen et al. [4] and many others.
Preliminaries
This section collects some lemmas which will be used in the proofs of the main results in the next section.
Lemma 2.1 ([5]
). For a given x ∈ H, y ∈ C,
It is well known that P C is a firmly nonexpansive mapping of H onto C and satisfies
Moreover, P C is characterized by the following properties: P C x ∈ C and for all x ∈ H, y ∈ C,
It is easy to see that (4) is equivalent to the following inequality
Using Lemma 2.1, one can see that the variational inequality (1) is equivalent to a fixed point problem.
It is easy to see that the following is true:
H is called monotone if for all x, y ∈ H, f ∈ U x and g ∈ U y imply x − y, f − g ≥ 0. A monotone mapping U : H → 2 H is maximal if the graph of G(U ) of U is not properly contained in the graph of any other monotone mapping. It is known that a monotone mapping U is maximal if and only if for (x, f ) ∈ H ×H, x−y, f −g ≥ 0 for every (y, g) ∈ G(U ) implies that f ∈ U x. Let A be a monotone mapping of C into H and let N C x be the normal cone to C at x ∈ C, that is, N C x = {y ∈ H : z − x, y ≤ 0, ∀z ∈ C} and define
Then U is the maximal monotone and 0 ∈ U x if and only if x ∈ V I(C, A); see [18] .
Let C be a nonempty subset of a Hilbert space H and T : C → H a mapping. Then T is said to be demiclosed at v ∈ H if, for any sequence {x n } in C, the following implication holds:
where → (resp. ⇀ ) denotes strong (resp. weak) convergence.
Lemma 2.2 ([8])
. Let C be a nonempty closed convex subset of a Hilbert space H and suppose that T : C → H is nonexpansive. Then, the mapping I − T is demiclosed at zero.
Lemma 2.3 ([11]
). Let (E, ·, · ) be an inner product space. Then for all x, y, z ∈ E and α, β, γ ∈ [0, 1] with α + β + γ = 1, we have
Lemma 2.4 ([1])
. Let H be a real Hilbert space. Then, for all x, y ∈ H
Lemma 2.5 ( [13] ). Let C be a nonempty closed convex subset of a real Hilbert space H.
(i) If F : C → C is a mapping which is both δ-strongly monotone and λ-strictly pseudo-contractive of Browder-Petryshyn type such that δ > 
Lemma 2.6 ([20]
). Let {a n } be a sequence of nonnegative real numbers such that
where {b n } and {c n } are sequences of real numbers satisfying the following conditions:
Then, lim n→∞ a n = 0.
Strong convergence theorems
The following is our main result.
Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F : C → C be a mapping which is both δ-strongly monotone and λ-strictly pseudo-contractive of Browder-Petryshyn type such that δ > (1+λ)/2, f : C → C a contraction with coefficient 0 < α < 1 and γ be a positive real number such that γ < (1 − 2−2δ 1−λ )/α. Let T : C → C be a nonexpansive mapping and for each i = 1, 2, . . . , m + 2, let A i : C → H be a δ i -inverse strongly monotone mapping and
be a sequence in [0, 1) satisfy the following conditions:
and {y n } ∞ n=1 are sequences generated by x 0 ∈ C and
,n=1 converge strongly to x * ∈ F , which is the unique solution of the system of variational inequalities:
Proof. By taking
We shall equivalently write scheme (8) as follows:
Since {δ i,n } m, ∞ i=1,n=1 satisfy in condition (B 1 ) and A i is a δ i -inverse strongly monotone mapping, for any x, y ∈ C, we have
It follows that
Let p ∈ F , in the context of the variational inequality problem the characterization of projection (6) 
Using condition (B 1 ), (10) and Lemma 2.3, we get
Which implies that
First we show that {x n } is bounded. Indeed, we take p ∈ F . Then using (6) , (11) and Lemma 2.4, we have
By induction,
Therefore, {x n } is bounded and so are the sequences
From the definition of {y i,n }, we have
which implies that for some approximate constant M i > 0,
It follows that
Indeed, we have
which implies that for some approximate constant M > 0,
Substituting (13) into (14), we obtain
Thus, using condition (B 3 ) and Lemma 2.6 to (15), we conclude that
In this stage we well show that
By p ∈ F in (11) and the definition of {x n }, we have
From (6), (11), (17) and Lemma 2.3, we have (for i = 1, 2, . . . , m)
Using (12), (18) and condition (B 2 ), we get
Repeating the same argument as above, we conclude that
From (3), we have
So we obtain
By using some method as (21), we have
and
From (17), (21), (22), (23) and Lemma 2.3, we have
Therefore using condition (B 2 ), (12) and (19) and (20) we get (16) . We now show that
Since T is nonexpansive, we get
Since {α n } and {β n } satisfy in condition (B 2 ). From (12) and (16), we get (24).
Next, let us show that there exists a unique x * ∈ F such that lim sup
Let Q = P F . Then Q(I − F + γf ) is a contraction of H into itself. In fact, we see that
and hence Q(I − F + γf ) is a contraction due to (1 − (τ − γα)) ∈ (0, 1). Therefore, by Banach's contraction principal, P F (I − F + γf ) has a unique fixed point x * . Then using (6), x * is the unique solution of the variational inequality:
We can choose a a subsequence {x nj } of {x n } such that lim sup
Because {x nj } is bounded, therefore {x nj } has a subsequence {x nj k } such that x nj k ⇀ z. Without loss of generality, we may assume that x nj ⇀ z. it follows from (24) and Lemma 2.2 that z ∈ F ix(T ). Now, let us show that for i = 1, 2, . . . , m+2, z ∈ V I(C, A i ). Let U i : H → 2 H be a set-valued mapping defined by
where N C x is the normal cone to C at x ∈ C. Since A i is monotone. Thus U is maximal monotone see [18] . Let (x, y) ∈ G(U i ), hence y − A i x ∈ N C x and since u i,n = P C (I − δ i,n A i )y i+1,n , therefore x − u i,n , y − A i x ≥ 0. On the other hand from u i,n = P C (y i+1,n − δ i,n A i y i+1,n ), we have
that is,
Therefore, we have
Noting that lim i→∞ u i,nj − y i+1,nj = 0, lim i→∞ y i+1,n − x n = 0, x nj ⇀ z and A i is 1 δi -Lipschitzian, we obtain x − z, y ≥ 0.
Since U i is maximal monotone, we have z ∈ U −1 i 0, and hence z ∈ V I(C, A i ), i = 1, 2, . . . , m.
where
Since {α n } satisfies in condition (B 2 ), we have ∞ n=0 b n = ∞ and by condition (B 2 ) and (26), we get lim sup n→∞ c n ≤ 0. Consequently, applying Lemma 2.6, to (29), we conclude that x n → x * . Since y i,n − x * ≤ x n − x * , for i = 1, 2, . . . , m, we have y i,n → x * . By the careful analysis of the proof of Theorem 3.1, we obtain the following theorem. Because its proof is much simpler than the proof of Theorem 3.1, we omit its proof.
Theorem 3.2. Let C be a closed convex subset of a real Hilbert space H. Let F : C → C be a mapping which is both δ-strongly monotone and λ-strictly pseudo-contractive of Browder-Petryshyn type such that δ > (1 + λ)/2, f : C → C be a contraction with coefficient 0 < α < 1 and γ be a positive real number such that γ < (1 − Suppose {x n } ∞ n=1 and {y n } m, ∞ i=1,n=1 are sequences generated by x 0 ∈ C and x n+1 = α n γf (x n ) + β n x n + ((1 − β n )I − α n F )T P C (I − δ 1,n A 1 )y 1,n , y i,n = P C (I − δ i,n A i )y i+1,n , i = 1, 2, . . . , m, y m+1,n = x n .
Then {x n } ∞ n=1 and {y i,n } m, ∞ i=1,n=1 converge strongly to x * ∈ F , which is the unique solution of the system of variational inequalities:
* , x − x * ≥ 0, ∀x ∈ F , i = 1, 2, . . . , m.
Corollary 3.3 (See Yao and Yao [21] ). Let C be a closed convex subset of a real Hilbert space H. Let A be a δ-inverse strongly monotone mapping of C into H and let T be a nonexpansive mapping of C into itself such that F ix(S) ∩ V I(C, A) = ∅. Suppose x 1 = u ∈ C and {x n } and {y n } are given by y n = P C (I − λ n A)x n , x n+1 = α n u + β n x n + γ n T P C (I − λ n A)y n , where {α n }, {β n }, {ζ n } are three sequences in [0, 1] and {λ n } is a sequence in [0, 2α]. If {α n }, {β n }, {γ n } and {λ n } are chosen so that λ n ∈ [a, b] for some a, b with 0 < a < b < 2δ and (B 1 ) α n + β n + γ n = 1, (B 2 ) lim n→∞ α n = 0, ∞ n=1 α n = ∞, (B 3 ) 0 < lim inf n→∞ λ n ≤ lim sup n→∞ λ n < 1, (B 4 ) lim n→∞ (λ n+1 − λ n ) = 0.
Then {x n } ∞ n=1 converges strongly to P F ix(S)∩V I(C,A) u.
Proof. It suffices to take F = I, f = 1 γ u, A 1 = A, δ 1,n = λ n , y 1,n = y n , γ n = 1 − β n − α n , for n ∈ N and P C (I − δ i,n A i ) = I, for i = 2, 3, . . . , m, in Theorem 3.2.
